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Abstract-In this paper, we consider an extension of strongly nonlinear quasivariational inequalities 
studied by Siddiqi and Ansari. This extended problem also contains several known problems such as 
quasivariational inequalities and the classical variational inequalities as special cases. We employ the 
projection method to formulate this extended problem equivalently as a fixed point problem. Some 
existence results are then derived, and some algorithms for Snding approximate solutions are also 
discussed. 
1. INTRODUCTION 
Let H be a real Hilbert space with norm ]I 1 I( an inner product (e, .), respectively. Let T, A, d 
G be mappings from H into itself and X : H + 2H. We shall study in this paper the following 
nonlinear inequality: Find I E H such that Gx E X(x) and 
(V - Gx, TX - Ax) 2 0 for all v E X(x). (I) 
Before we proceed any further, we make the following observations. 
(i) If G is the identity mapping on H, then inequality (1) is equivalent to finding x E H such 
that x E X(x) and 
(V - 2, TX - Ax) > 0 for all ZJ E X(z). (2) 
Inequalities like (2) are known as strongly nonlinear quasivariational inequalities studied 
by Siddiqi and Ansari [l]. 
(ii) If X(x) E I f < or some closed convex subset Ir’ of H and GK = I<, then (1) is equivalent 
to finding x E H such that Gx E K and 
(Gu - Gx, TX - Ax) 10 for all Gv E K. (3) 
The inequality (3) is now known as the general mildly nonlinear variational inequality 
studied by Noor [2], where an iterative algorithm is suggested using a projection method 
to find the approximate solution of (3). 
(iii) If A E 0, then (1) re d uces to finding x E H such that Gx E X(x) and 
(v - Gx, TX) 2 0 for all v E X(x). (4) 
The Problem (4) is the quasivariational inequality problem studied by Noor [3]. 
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(iv) If G is the identity mapping on H and X(x) G K for some closed convex subset K of H, 
then (1) is equivalent to finding x E K such that 
(V- x, TX - Ax) 1 0 for all v E K. (5) 
Inequalities like (5) are known as the mildly nonlinear variational inequalities which were 
introduced by Noor [4] in the theory of constrained mildly nonlinear partial differential 
equations. Some existence results of (5) f or nonmonotone operators in Banach space 
setting are obtained in [5]. 
(v) If G is the identity mapping on H, A E 0 and X(x) 3 K for some closed convex subset 
K of H, then (1) is equivalent to finding x E K such that 
(v - x, TX) 1 0 for all v E K. (6) 
Inequalities like (6) are known as the classical variational inequalities which have been 
extensively studied in the literature both in finite and infinite dimensional spaces. (See, 
e.g., [t&11] and the references therein.) 
Therefore, Problems (2)-(6) are special cases of the Problem (1). In summary, we conclude 
that the Problem (1) is a more general and unifying one, which is one of the main motivations 
of this paper. 
In Section 2, we shall give some preliminaries that will be used throughout this paper. In the 
final section, we shall employ the projection method to formulate Problem (1) equivalently as a 
fixed point problem. Some existence results are then derived, and some algorithms for finding 
approximate solutions are also discussed. 
2. PRELIMINARIES 
We first recall the following definitions. 
DEFINITION 2.1. Let H be a real Ifilbert space and T : H + H. 
(i) The mapping T is strongly monotone with constant CY > 0 if for each pair of distinct 
elements 2, y E H 
(z - Y, TX - TY) L oll3: - ~11~. 
(ii) The mapping T is Lipschtiz continuous with constant ,8 1 0 if for each pair of distinct 
elements x, y E H 
IP - TYII I Pllx - I/II. 
We note that if the mapping T is both strongly monotone with constant CY > 0 and Lips&is 
continuous with constant /3 2 0, then cr < /3. 
For any closed convex subset K of H, let PK(.) be the projection mapping of H onto K. 
LEMMA 2.2 [lo, Theorem 2.3, pp. 93. Given z E H, z = PK(z), if and only if x E K and 
(x-z,y-x)>O forallyEK. 
LEMMA 2.3 [lo, Corollary 2.4, pp. lo]. The mapping PK(.) is nonexpansive, i.e., 
IlIWx) - PK(Y>II I 11~ - YII for d X,Y E H. 
3. MAIN RESULTS 
By Lemma 2.2, we have the following characterization of solutions of the Problem (1). 
PROPOSITION 3.1. Let H be a real Hilbert space, T, G, A : H + H and X : H + 2H such that 
X(x) is closed and convex for all 2 E H. The following statements are equivalent: 
(i) A point x E H is a solution of (1). 
(ii) Gx = Px(,)(Gx - p(Tx - Ax)) for some p > 0. 
Extension of inequalities 37 
Prom Proposition 3.1, we have the following equivalent fixed point formulation of the Prob- 
lem (1). 
THEOREM 3.2. Let H be a real HiJbert space, T, G, A : H + H and X : H ---+ 2H such that 
X(z) is closed and convex for aJJ 2 E H. The following statements are equivaJent: 
(i) A point z E H is a solution of (1). 
(ii) A point I E H is a fixed point of the mapping Fp : H -+ H for some p > 0 where 
Fpv = v - Gv + Px(,)(Gv - p(Tv - Au)), v E H. 
Therefore, if mappings T, A, G and the point-to-set mapping X are given such that the 
mapping Fp is a contraction for some p > 0, then Fp has a unique fixed point, and hence, the 
Problem (1) has a solution. In particular, we have 
THEOREM 3.3. Let H be a real HjJbert space, T, G, A : H + H and X : H + 2H. Suppose 
that the following conditions are satisfied: 
(i) T is both strongly monotone with constant o > 0 and Lipschtiz continuous with con- 
stant p, 
(ii) G is both strongly monotone with constant y > 0 and Lipschtiz continuous with constant 6, 
(iii) A is Lipschtiz continuous with constant X > 0, 
(iv) X(v) = m(v) + K f or v E H, where K is closed and convex and m : H + H is Lipschtiz 
continuous with constant 8 1 0, 
(v) K = 0 + (1 - 27 + 62)1/2 < l/2, p > A and o > A(1 - 2~) + 2[(p2 - X2)6(1 - “)]li2. 
Then, there exists 2 E H such that Gx E X(Z) and 
(v - Gz, TX - At) > 0 for all v E X(Z). 
PROOF. First, we note that for any v,.z E H, Pmcv~+K(z) = m(v) + PK(Z - m(v)). To prove 
this theorem, it suffices to show that for some p > 0, the mapping Fp defined as follows is a 
contraction: 
F,,v = v - Gv + m(v) + PK(Gv - m(v) - p(Tv - Au)), v E H. 
By Lemma 2.3, we have 
~[F,u - Fpvll = 11~ - v - (Gu - Gv) + (m(u) - m(v)) 
+ &(Gu - m(zl) - p(Tu - Au)) - &(Gv - m(v) - p(Tv - Au))11 
< I/U - v - (Gu - WI + Ilm(u) - m(v>ll 
+ II&(Gu - m(u) - p(Tu - Au)) - PK(Gv - m(v) - ~(5% - Au))// 
5 IIU -2, - (Gu - Gv)ll + lb(~) - 44ll 
(7) 
+ IlGu - m(u) - p(Tu - AU) - Gv + m(v) + p(Tv - Au)\1 
5 2]]u- v - (Gu - Gv)]] + ]]u - v - p(Tu - Tv)ll + plJAu - Avll 
+ 2llmW - m(v)II. 
By conditions (i)-(iv), we have 
lb - v - (Gu - Gv)jj2 5 (1 - 27 + c~~)]]u - VII’, 
11~ - v - p(Tu - Tv)112 5 (1 - 2pcr + p2p2)llu - vl12, 
IIAU - 41 L 41~ - VII, 
lb(u) - m(v>Il I + - VII. 
(8) 
(9) 
(10) 
(11) 
Now, it follows from (7)-(11) that 
IIJP - Fpvll I dlu - 41, 
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where 7 = 2( 1 - 27 + b2)li2 + (1 - 2p(r + p2p2)li2 + pX + 28 < 1 for any p satisfying 
O<p<min 7, 
{ 
1 - 2/c cY - X(1 - 26) + [((Y - X(1 - 2K))2 - 4(/32 - AZ)K(l- “)]l/2 
p2 - x2 }. (12) 
We note that by Condition (v) there is p satisfying (12). C onsequently, Fp is a contraction for 
any p satisfying (la), and hence, has a fixed point. The result then follows from Theorem 3.2. 1 
Finally, we employ Theorem 3.3 to devise algorithms for finding approximate solutions of the 
Problem (1). 
THEOREM 3.4. Under the hypotheses of Theorem 3.3, given an arbitrarily chosen te E H the 
sequence generated by the following interative scheme converges strongly to a solution of the 
Problem (1) where p is any fixed number satisfying (12): 
%+1 = 2, - Gx, + m(x,) + &(Gx, - m(z,) - p(Tz, - Azn)), n 10. (13) 
REMARKS. If G is the indentity mapping of H, then Algorithm (13) reduces to Algorithm 3.1 [l]. 
If X(V) 3 Ii’ and m E 0, then Algorithm (13) reduces to Algorithm 3.1 [2]. 
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